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An alternative formulation of conservative weighted essentially non-oscillatory (WENO) 
finite difference scheme with the classical WENO-JS weights (Jiang et al. (2013) [6])
has been successfully used for solving hyperbolic conservation laws. However, it fails to 
achieve the optimal order of accuracy at the critical points of a smooth function. Here, 
we demonstrate that the WENO-Z weights (Borges et al. (2008) [1]) should be employed 
to recover the optimal order of accuracy at the critical points. Several one- and two-
dimensional benchmark problems show the improved performance in terms of accuracy, 
resolution and shock capturing.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Characteristic-wise weighted essentially non-oscillatory (WENO) conservative finite difference schemes are a class of high 
order/resolution nonlinear scheme for hyperbolic conservation laws. The key idea of the WENO polynomial reconstruction 
procedure of a function is, at a given grid point, the use of a dynamic set of sub-stencils, where a nonlinear convex com-
bination of lower order polynomials adapts either to an optimal order approximation if the function is smooth, or to an 
upwind spatial discretization that minimizes the contribution from one or more polynomials that interpolate across a dis-
continuity. The upwinding of the spatial discretization also provides the necessary dissipation needed for shock capturing. 
The nonlinear coefficients of the convex combination, referred to as the nonlinear weights, are based on the local smooth-
ness indicators, which measure the sum of the normalized squares of the scaled L2 norms of all derivatives of the lower 
order polynomial [5]. Hence, the nonlinear weights (together with the sensitivity ε and power p parameters) play a critical 
role in the performance of the nonlinear WENO schemes [3]. In the case that ε is less than a certain critical value, the 
classical WENO-JS scheme [5] fails to achieve the optimal order of accuracy at a critical point where the first and higher 
order derivatives of a smooth function vanish. (The function g(x) has a n-th order critical point x = xc , if g(m)(xc) = 0 for 
all m = 1, . . . , n and g(n+1)(xc) �= 0.) Furthermore, it is too conservative in the amount of artificial dissipation needed when 
attempting to capture shocks and high gradients for certain class of shocked flows. Mapping of the nonlinear weights [4]
was proposed and addressed these issues. Borges et al. [1,2] proposed the improved WENO-Z scheme by redesigning the 
nonlinear weights that satisfies the sufficient conditions for optimal order at the critical points. They also demonstrated the 
improved performance of the WENO-Z scheme over the WENO-JS scheme in terms of accuracy, resolution, shock capturing 
and efficiency.
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Recently, an alternative conservative WENO finite difference scheme was proposed in [6]. Comparing with the classical 
WENO scheme, its polynomial reconstruction procedure is applied to the conservative variables rather than the flux func-
tions. It has also generalized to the Hermite WENO scheme [8]. Liu [9] systematically investigated the performance of the 
alternative WENO scheme based on various numerical fluxes for hyperbolic conservation laws. However, they did not show 
that the WENO-JS weights fail to achieve the optimal order of accuracy at the critical points. In this study, we demonstrate 
that the improved WENO-Z weights [1] should be used to recover the optimal order of accuracy at the critical points, to en-
hance the resolution and to reduce dissipation of the fine scale structures while capturing shocks essentially non-oscillatory 
in several one- and two-dimensional benchmark problems.

This paper is organized as follows: in Section 2, we will review the WENO interpolation. A brief summary of the alter-
native WENO scheme will be described in Section 3. The accuracy tests at the critical points are shown in Section 4 and 
several one- and two-dimensional benchmark problems demonstrating the improved performance of the proposed scheme 
are given in Section 5. Conclusions are given in Section 6. Appendices A and B give some supplementary details of the study.

2. WENO interpolation

We shall consider a uniform grid with a constant grid spacing �x = 1
N , xi = i�x, i = 0, . . . , N , with xi+ 1

2
= xi + �x

2 and 
the given point values Q i = Q (xi) of the smooth function Q (x). We will focus on the fifth order WENO interpolation [5,6], 
which can be extended easily to higher order WENO interpolation.

The fifth order WENO interpolation, is to combine the three second order polynomial approximations on the sub-
stencils Sk = [xi−2+k, xi−1+k, xi+k], k = 0, 1, 2, to form a fifth order approximation at the half node xi+ 1

2
on the stencil 

S5 = [xi−2, . . . , xi+2]. Hence, a polynomial p(x) of degree at most (m − 1) is used to interpolate Q (x) at x = xi+ 1
2

, p(xi+ 1
2
), 

as an approximation to Q i+ 1
2

= p(xi+ 1
2
) + O (�xm), where m = 3 for the sub-stencils Sk and m = 5 for the stencil S5. 

Then, the fifth order WENO interpolation Q i+ 1
2

can be written as Q i+ 1
2

= ∑2
k=0 ωk Q (k)

i+ 1
2

, where Q (k)

i+ 1
2

are the values of the 
interpolation polynomial pk(x) at xi+ 1

2
in the sub-stencils Sk , that is,

Q (0)

i+ 1
2

= 3

8
Q i−2 − 5

4
Q i−1 + 15

8
Q i, Q (1)

i+ 1
2

= −1

8
Q i−1 + 3

4
Q i + 3

8
Q i+1, Q (2)

i+ 1
2

= 3

8
Q i + 3

4
Q i+1 − 1

8
Q i+2.

The nonlinear weights ωk of the classical WENO-JS scheme are defined by

αk = dk

(βk + ε)2
, ωk = αk∑2

s=0 αs

, (1)

where 
{

d0 = 1
16 ,d1 = 5

8 ,d2 = 5
16

}
are the linear (optimal) weights which yield the fifth order (optimal) accuracy for a 

smooth function and the sensitivity parameter ε is used to avoid a division of zero. The local smoothness indicators 

βk = ∑2
l=1 �x2l−1

∫ x
i+ 1

2
x

i− 1
2

(
∂l

∂xl pk(x)
)2

dx measure the smoothness of Q (x) in each sub-stencil. We refer to [1,5,6] for the 

explicit expression of βk . If Q (x) is a smooth function in the stencil S5, one can easily obtain the approximation error at the 
cell interface xi+ 1

2
, Q i+ 1

2
− Q (xi+ 1

2
) = O (�x5). If a sub-stencil Sk contains a discontinuity, the corresponding smoothness 

indicator βk will be much larger than those of other sub-stencils, hence the associated nonlinear weight αk will be cor-
respondingly much smaller than the others. This leads to a second order and smoother biased polynomial approximation, 
thus achieving essentially non-oscillatory performance.

However, it is well-known that approximation based on the nonlinear weights αk (1) of the classical WENO-JS scheme 
can lose its optimal order of accuracy at the critical points of a smooth function (see [1,3] and references therein for a 
detailed theoretical analysis). To address this issue, Borges et al. [1] designed an improved nonlinear weights (WENO-Z 
weights) as

αk = dk

(
1 +

(
τ5

βk + ε

)p)
, (2)

where τ5 = |β0 − β2|. The WENO-Z weights improve the accuracy, resolution and flexibility over the classical WENO-JS 
scheme when approximating a smooth function even in the presence of critical points, and reduce the dissipation and 
dispersion errors when solving the hyperbolic PDEs [1–3]. In this study, ε = 10−12 and p = 2 are used.

Here we denote Q i+ 1
2

by Q −
i+ 1

2
since the stencil S5 used to obtain this approximation is biased to the left. In fact, the 

Q +
i+ 1

2
is mirror-symmetric to that for Q −

i+ 1
2

, with respect to the target point xi+ 1
2

.

3. Construction of the alternative WENO scheme

Assuming that F (Q ) is a smooth function of Q , we would like to find a consistent numerical flux function F̂ (x) such 
that
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1

�x
( F̂ i+ 1

2
− F̂ i− 1

2
) = dF (Q )

dx

∣∣∣∣
xi

+ O (�x2r−1). (3)

It has been shown in [10] that

F̂ i+ 1
2

= Fi+ 1
2

− 1

24
�x2 Fxx|i+ 1

2
+ 7

5760
�x4 Fxxxx|i+ 1

2
+ O (�x6), (4)

guarantees a fifth order accuracy (r = 3) in (3). The first term of the numerical flux is approximated by Fi+ 1
2

=
h(Q −

i+ 1
2
, Q +

i+ 1
2
) with the values Q ±

i+ 1
2

obtained by the fifth order WENO interpolation as discussed in the previous sec-

tion. In this alternative formulation, the WENO interpolation procedure is applied to the conservative variables rather than 
to the flux functions. This allows us to use arbitrary monotone fluxes in the scalar case and arbitrary approximate Rie-
mann solvers, such as Lax–Friedrichs (LF), HLLC, together with the Roe eigensystem, in the system case. More discussions 
on monotone fluxes can be found in, e.g. [6,9].

To guarantee fifth order accuracy in (4), the two remaining second and fourth derivatives terms are approximated by a 
simple central finite difference method with an overall global order O (�x6), that is,

�x2 Fxx|i+ 1
2

= 1

48
(−5Fi−2 + 39Fi−1 − 34Fi − 34Fi+1 + 39Fi+2 − 5Fi+3) + O (�x6), (5)

�x4 Fxxxx|i+ 1
2

= 1

2
(Fi−2 − 3Fi−1 + 2Fi + 2Fi+1 − 3Fi+2 + Fi+3) + O (�x6), (6)

or, by a more dissipative upwind finite difference scheme [9].

Remark 1. The alternative WENO schemes with the nonlinear weights (1) and with the improved nonlinear weights (2) are 
denoted as the AWENO-JS and AWENO-Z scheme, respectively. For simplicity, the AWENO-JS scheme and AWENO-Z scheme 
are collectively referred to the AWENO scheme. The WENO-JS and WENO-Z schemes are collectively referred to the WENO 
scheme.

4. Accuracy test at the critical points

Since the high order terms (4) in the AWENO schemes are linear, the analysis of the formal order of accuracy at the 
critical points for the AWENO schemes is the same as that for the classical WENO schemes. Hence, we expect the AWENO-JS 
scheme will lose its optimal order of accuracy at the critical points.

Let us consider the test functions gn(x) = xn+1ex , n ≥ 1, which have a n-th order critical point at x = 0. Table 1 and 
Table 2 show the L∞ errors and convergence rates of the fifth order AWENO-JS and AWENO-Z schemes at the critical point 
x = 0 for the test functions gn(x) computed with a fixed ε = 10−40 and a variable ε = �xm in quadruple (128 bits) precision.

Remark 2. In general, m can be any real number that satisfies the condition θ(ε) ≤ θ(τ2r−1) − (r − 1)/p, where θ( f ) = m
if f = O (�xm) (see [3] for details). For computational performance-wise and demonstration purpose, we only take m to be 
an integer which resulted in a slightly larger ε than predicted by the theory in this study. Furthermore, the smaller the ε
is, the better the WENO scheme is in capturing high gradients and shocks with less numerical oscillations.

From the obtained results, we give the following three general observations about the rate of convergence and accuracy 
of the two schemes in the presence of critical points.

• For the function g1(x), the AWENO-Z scheme achieves the optimal fifth order while the AWENO-JS scheme attains only 
a reduced order 3 with a fixed ε = 10−40 and reduced order 4 with a variable ε = �x3.

• For the function g2(x), although both AWENO schemes, with the fixed ε = 10−40, reduce their optimal fifth order to 
order 2, the AWENO-Z scheme with a variable ε = �x4 recovers the optimal fifth order accuracy while the AWENO-JS 
scheme improves slightly to a reduced order 3.

• The AWENO schemes with a variable ε have a substantially smaller error than those with a fixed ε .

These results, as expected, agree exactly with the discussion of the formal accuracy of the WENO schemes in [3]. In sum-
mary, the AWENO-Z scheme outperforms the AWENO-JS scheme when the function is sufficiently smooth.

5. Numerical results

In this section, the improved performance of fifth order characteristic-wise AWENO-Z finite difference scheme is demon-
strated by comparing with the AWENO-JS, WENO-JS and WENO-Z schemes in solving system of hyperbolic conservation 
laws.
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Table 1
L∞ error and order of accuracy at the first-order critical point x = 0 of g1(x).

�x AWENO-JS AWENO-Z

ε = 10−40 ε = �x3 ε = 10−40 ε = �x3

Error Order Error Order Error Order Error Order

1.00e-3 6.9e-10 – 5.5e-12 – 2.9e-14 – 3.5e-16 –
2.50e-4 1.1e-11 3.0 2.2e-14 4.0 2.6e-17 5.0 3.4e-19 5.0
6.25e-5 1.6e-13 3.0 8.6e-17 4.0 2.5e-20 5.0 3.4e-22 5.0

Table 2
L∞ error and order of accuracy at the second-order critical point x = 0 of g2(x).

�x AWENO-JS AWENO-Z

ε = 10−40 ε = �x4 ε = 10−40 ε = �x4

Error Order Error Order Error Order Error Order

1.00e-3 7.5e-7 – 9.0e-10 – 4.1e-7 – 6.2e-14 –
2.50e-4 4.7e-8 2.0 1.4e-11 3.0 2.4e-8 2.0 6.3e-17 5.0
6.25e-5 2.9e-9 2.0 2.2e-13 3.0 1.5e-9 2.0 6.2e-20 5.0

Table 3
L2 and L∞ errors and order of accuracy for the density ρ of the one-dimensional Euler equations by the AWENO-JS and AWENO-Z schemes with LF and 
HLLC Riemann solver.

N AWENO-JS AWENO-Z

L2 error Order L∞ error Order L2 error Order L∞ error Order

LF 10 6.9e-3 – 6.9e-3 – 1.6e-3 – 1.5e-3 –
40 1.3e-5 4.9 1.4e-5 4.8 1.6e-6 5.0 1.6e-6 5.0
160 1.2e-8 5.0 1.5e-8 5.0 1.5e-9 5.0 1.5e-9 5.0

HLLC 10 3.6e-3 – 4.0e-3 – 7.7e-4 – 7.9e-4 –
40 5.8e-5 5.0 7.1e-6 4.9 7.0e-7 5.0 7.0e-6 5.0
160 5.4e-9 5.0 6.8e-9 5.0 6.9e-10 5.0 6.9e-10 5.0

Two-dimensional Euler equations in a strong conservation form are given as:

Qt + Fx + Gy = 0, with Q = (ρ,ρu,ρv, E)T , F = (ρu,ρu2 + P ,ρuv, Hu)T , G = (ρu,ρuv,ρv2 + P , H v)T , (7)

where Q is the conservative variables, F and G are the fluxes in the x- and y-direction respectively, and the equation of 
state is P = (γ − 1) 

(
E − 1

2 ρ(u2 + v2)
)

with γ = 1.4. The ρ , u, v , P , E , and H = E + P are the density, velocities in x- and 
y-direction, pressure, total energy and total enthalpy respectively.

In the following discussion, instead of the Lax–Wendroff time discretization used in [6], the third order TVD Runge–Kutta 
method is used for time integration in solving the system of ODEs resulted from the spatial discretization.

Remark 3. Here, we would like to point out that, while taking a larger CFL number could reduce the amount of numerical 
dissipation, the larger and more numerical oscillations will be generated around a sharp gradient or shock, as illustrated by 
the density solution of the Sod problem with CFL = 0.45 and CFL = 0.6 (see Fig. 5 in B.1). In this study, CFL = 0.45 is used 
unless stated otherwise.

5.1. One-dimensional accuracy test

The initial condition is set as (ρ, u, P ) = (1 + 0.1 sin(πx), 1, 1), x ∈ [0, 2] and �t is bounded by �x
5
3 for the tests of 

accuracy at the final time t = 2. The L2, L∞ errors and convergence orders of accuracy for the density ρ are shown in 
Table 3. It is clear that both the AWENO-JS scheme and AWENO-Z scheme achieve the optimal convergence order. The errors 
computed by the AWENO-Z scheme are slightly smaller than those computed by the AWENO-JS scheme. Furthermore, the 
AWENO scheme with HLLC solver performs slightly better than those with the LF solver.

5.2. One-dimensional problems

We solve three Riemann initial value problems: shock-entropy wave interaction problem with N = 1500, extended Mach 
3 shock-density wave interaction problem with N = 800 and two blast-waves interaction problem with N = 800 (see [1,7]
for the setup). The reference solutions are obtained by the fifth order WENO-Z scheme with the number of grid points 
N = 6000, 3600, 3200, respectively. The results as shown in Fig. 1 show that 1) the dissipation error by the AWENO-Z 
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Fig. 1. (Color online.) One-dimensional Riemann initial value problems.

scheme is lower than the AWENO-JS scheme with the same Riemann solver, and 2) the resolution of the AWENO-Z scheme 
with HLLC is higher than the AWENO-JS scheme in most cases.

5.3. Two-dimensional problems

The two-dimensional double Mach reflection (DMR) problem, Rayleigh–Taylor instability (RTI) problem and forward fac-
ing step (FFS) problem are simulated to illustrate the accuracy and high resolution property of the AWENO-Z scheme. Their 
corresponding configurations can be found in [11]. For the DMR problem, Fig. 2 shows that the AWENO-Z scheme resolves 
more fine scale structures along the shear lines than those of the AWENO-JS scheme. For the RTI problem, the density com-
puted by the AWENO scheme with LF and HLLC solver under different mesh resolutions are shown in Fig. 3 respectively. 
From the figures, one can see that finer scale structures (rollups at the tail of large structures) are resolved better with 
the AWENO-Z scheme than those with the AWENO-JS scheme. Similar to the previous examples, the AWENO scheme with 
HLLC solver exhibits lesser numerical dissipation. For the FFS problem, a more dissipative upwind finite difference scheme 
[9] is used to approximate the two remaining second and fourth derivatives terms in (4), and the CFL number is set to 
0.2 as generally used in the literature. As shown in Fig. 4, the corresponding comparison between the LF and HLLC solvers 
shows that the LF solver does not perform as well as the HLLC solver, especially in the shear layer region where HLLC solver 
captures more and clearer rollups of the vortices. We also remark that, as shown in the last figure, the oscillatory numerical 
solution, computed by the AWENO schemes with the HLLC solver, can be post-processed by filtering with smoothing kernel 
to obtain a better solution despite a slight loss of sharpness of high gradients. It is because a stable numerical solution 
obtained from a high order/resolution scheme contains high order information, especially for a long time evolution of the 
small scale structures, even in the present of discontinuities and sharp gradients.

In Table 4, we present the wall clock CPU times in second for these three problems for studying the computational 
efficiency of the algorithms. The timing results show that both AWENO-JS and AWENO-Z schemes take similar CPU time, 
and the AWENO scheme with the HLLC solver takes ≈ 10% more CPU time than other schemes for both the RTI and FFS 
problems.

6. Conclusion

To conclude this short study, we replace the classical nonlinear weights [5] with the improved nonlinear weights [1]
in the fifth-order alternative WENO finite difference scheme for solving hyperbolic conservation laws. We demonstrate 
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Fig. 2. The zoomed-in contour lines of density of the DMR problem with the mesh resolution as 960 × 240.

Fig. 3. The contour lines of density ρ of the RTI problem with different mesh resolution.

Table 4
CPU timing (in seconds) for the WENO schemes and the AWENO schemes, where (ratio) is the ratio of CPU times between the proposed schemes and 
classical WENO-JS scheme.

Resolution WENO AWENO-LF AWENO-HLLC

JS Z JS Z JS Z

DMR 480 × 120 243 239 (0.98) 232 (0.95) 226 (0.93) 238 (0.98) 237 (0.98)
960 × 240 1895 1855 (0.98) 1798 (1.04) 1718 (0.91) 1943 (1.03) 1863 (0.98)

RTI 120 × 480 1128 1149 (1.02) 1138 (1.01) 1171 (1.04) 1238 (1.10) 1267 (1.12)
240 × 960 9167 9363 (1.02) 9255 (1.01) 9536 (1.04) 10080 (1.10) 10330 (1.13)

FFS 480 × 160 5731 5593 (0.98) 5717 (1.00) 5671 (0.99) 6233 (1.09) 6157 (1.07)
960 × 320 44990 45320 (1.01) 46180 (1.03) 46220 (1.03) 50880 (1.13) 50660 (1.13)

conclusively that the optimal order of accuracy at the critical points can be recovered and show an improved performance in 
resolving small scale structures with the proposed improvement. A few classical benchmark examples demonstrate that the 
alternative WENO scheme obtains more accurate results than those computed by the classical WENO scheme. Furthermore, 
the HLLC solver with a small increase in the computational cost shows less dissipation error than the monotone LF solver.
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Fig. 4. The contour lines of density ρ of the FFS problem with the mesh resolution of 960 × 320.

Appendix A. Riemann solver

A.1. The Lax–Friedrichs (LF) flux and local LF (LLF) flux

The LF or LLF fluxes are defined by

hLF(Q−,Q+) = 1

2

[
F(Q−) + F(Q+) − λ(Q+ − Q−)

]
, (A.1)

where λ is taken as an upper bound over the whole line for 
∣∣F′(Q)

∣∣ in the scalar case, or the absolute value of eigenvalues 
of the Jacobian for the system case, and λ is taken as an upper bound between Q− and Q+ for the LLF flux.

A.2. The HLLC flux

The HLLC flux for the solution Q = (ρ, ρu, E)T of the Euler equation is given by

hHLLC(Q−,Q+) =

⎧⎪⎪⎨
⎪⎪⎩

F(Q−), if 0 ≤ s−,

F(Q−) + s−(Q0− − Q−), if s− ≤ s0,

F(Q+) + s+(Q0+ − Q+), if s0 ≤ s+,

F(Q+), if s+ ≤ 0,

(A.2)

where, by defining the averaging operation f̄ = 1
2 ( f + + f −) and difference operation � f = f + − f − ,

Q0± = ρ± s± − u±

s± − s0

⎡
⎢⎣

1
s0

E±
± + (s0 − u±)

(
s0 + P±

± ± ±
)
⎤
⎥⎦ , s0 = ū − �P

2ρ̄c̄
, (A.3)
ρ ρ (s −u )
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Fig. 5. The density solution and the point-wise errors of the Sod problem with CFL = 0.45 and CFL = 0.6.

s± = u± ± c±q±, q± =
{

1, if P 0 ≤ P±,(
1 + γ +1

2γ ( P 0

P± − 1)
)1/2

, if P 0 > P±,
P 0 = P̄ − 1

2
�uρ̄ c̄.

Appendix B. The setup for the test problems

B.1. Sod problem

The initial condition is

(ρ, u, P ) =
{

( 0.125, 0.000, 0.1000 ), −5 ≤ x < 0,

( 1.000, 0.000, 1.0000 ), 0 ≤ x ≤ 5,

with N = 400 and the final time is t = 2. From observing the point-wise absolute error in Fig. 5, the larger CFL = 0.6
generates a substantially larger and more numerical oscillations.

B.2. One-dimensional shock-entropy wave interaction

We solve a right moving Mach 3 shock interacting with a small amplitude sinusoidal perturbation of the entropy in the 
pre-shock region. The initial condition is

(ρ, u, P ) =
{

( 27
7 , 4

√
35

9 , 31
3 ), −10 ≤ x < x0,

( exp(−ε sin(k(x + x0))), 0, 1 ), x0 ≤ x ≤ 10,

where ε = 0.01, x0 = −9.5 and k = 13. The final time is t = 5.

B.3. One-dimensional shock-density wave interaction

The initial condition for the extended Mach 3 shock-density wave interaction problem is given as

(ρ, u, P ) =
{

( 27
7 , 4

√
35

9 , 31
3 ), −5 ≤ x < x0,

( 1 + ε sin(kx), 0, 1 ), x0 ≤ x ≤ 15,

where ε = 0.2, x0 = −4 and k = 5. The final time is t = 5.

B.4. Two blast-waves interaction problem

For the two blast-waves interaction problem, the initial conditions are

(ρ, u, P ) =
⎧⎨
⎩

( 1, 0, 1000 ), 0 ≤ x < 0.1,

( 1, 0, 0.01 ), 0.1 ≤ x ≤ 0.9,

( 1, 0, 100 ), 0.9 < x ≤ 1,

with γ = 1.4, N = 800 and final time t = 0.038. The reflective boundary conditions are imposed on both x = 0 and x = 1
respectively.
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B.5. Double Mach reflection problem

The computational domain is defined as [0,4] × [0,1]. The initial condition is

(ρ, u, v, P ) =
{

(8,8.25 cos θ,−8.25 sin θ,116.5) , x < x0 + y/
√

3,

(1.4,0,0,1) , x ≥ x0 + y/
√

3,

with x0 = 1
6 and θ = π/6. Supersonic inflow and free-stream outflow boundary conditions are specified at x = 0 and x = 4, 

respectively. At the lower boundary y = 0, reflective boundary conditions are applied in the interval [x0,4]. At the upper 
boundary y = 1, the exact solution of the Mach 10 moving oblique shock is imposed. The final time is t = 0.2.

B.6. Rayleigh–Taylor instability problem

It is set up as follows: the computational domain is [0, 14 ] ×[0, 1]; initially the interface is at y = 1
2 , the heavy fluid with 

density ρ = 2 is below the interface, and the light fluid with density ρ = 1 is above the interface with the acceleration in 
the positive y-direction; the pressure P is continuous across the interface; a small perturbation is given to the y-direction 
fluid speed; thus for 0 ≤ y < 1

2 , ρ = 2, u = 0, P = 2y +1, v = −0.025c ·cos(8πx), and for 1
2 ≤ y ≤ 1, ρ = 1, u = 0, P = y + 3

2 , 
v = −0.025c · cos(8πx), where c is the sound speed, c = √

γ P/ρ , and the ratio of specific heats γ = 5
3 ; reflective boundary 

conditions are imposed for the left and right boundaries; at the top boundary, the flow values are set as ρ = 1, P = 2.5, 
u = v = 0, and at the bottom boundary, they are ρ = 2, P = 1, u = v = 0; the source terms ρ and ρv are added to the right 
hand side of third and fourth equation of Euler equations respectively. The final simulation time is t = 1.95.

B.7. Forward facing step problem

The problem is initialized by a right-going Mach 3 flow in a wind tunnel containing a step. The wind tunnel is 1 length 
unit wide and 3 length units long. The step is 0.2 length units high and is located 0.6 length units from the left-hand end 
of the tunnel. Reflecting boundary conditions are used along the walls of the tunnel. At the end of left and right boundaries 
are the inflow and outflow boundary conditions respectively. Initially the wind tunnel is filled with a gamma-law gas, with 
γ = 1.4, which everywhere has density ρ = 1.4, pressure P = 1.0, and velocity u = 3.0, v = 0.0. Gas with this density, 
pressure, and velocity is continually fed in from the left-hand boundary. The corner of the step is the center of a rarefaction 
fan and hence is a singular point of the flow. For the treatment of the singularity at the corner of the step, we adopt the 
same technique used in [11], which is based on the assumption of a nearly steady flow in the region near the corner. The 
final simulation time is t = 4.0.
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